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1. INTRODUCTION 
In 1968, Ulam [1] proposed the general problem: "When is it true that by changing a little 
the hypotheses of a theorem one can still assert that  the thesis of the theorem remains true or 
approximately true?" In 1978, Gruber [2] proposed the following Ulam type problem: "Suppose a
mathematical  object satisfies a certain property approximately. Is it then possible to approximate 
this object by objects, satisfying the property exactly?" According to Gruber, this kind of stabil ity 
problem is of part icular interest in probabil ity theory. Given an operator T and a solution 
class {u} with the property that T(u) = 0, when does HT(v)I[ _< E for an e > 0 imply that I[u vlt <~ 
5(c) for some u and for some ~ > 0? This problem is called the stabil ity of the functional 
transformation. A great deal of work has been done in connection with the ordinary and partial 
differential equations. In 1940, Ulam [3] asked the following problem: "Give conditions in order 
for a linear mapping near an approximately inear mapping to exist." If f is a function from a 
normed vector space into a Banach space and satisfies I If(x + y) - f (x )  - f(Y)l[ ~< ¢, Hyers [4] 
proved that there exists an additive function A such that [If(x) - A(x)ll <_ ~. If f (x )  is a real 
continuous function of x over R, and I f (x  + y) - f (x )  - f(y)] < ¢, it was shown by Hyers and 
Ulam [5] that  there exists a constant k such that If(x) - kx[ < 2c. The interested reader could 
refer to the recent book [6] for an account on Hyers-Ulam type stabil ity problems. 
In the paper [7], Hyers and Ulam consider the stabil ity of differential expressions and proved 
following theorem. 
THEOREM 1. Let f : • -~ R be n-t imes differentiable in a neighborhood N of the point "q. 
Suppose that f(n)(~) = 0 and f(n)(x)  changes sign at ~. Then, for all ~ > O, there exists 
a ~ > 0 such that for every function g : R --~ • which is n-t imes differentiable in N and 
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satisfies If(x) - g(x)[ < 6 for all x in N,  there exists a point ~ hi N with g(n)(~) = 0 and 
By a neighborhood N of a point 7, we mean an open interval (77 - r, 7 + r), where r > 0 is the 
radius. 
In 1958, Flett [8] (see also [9]) proved the following result which is a variant of Lagrange's 
mean value theorem. 
THEOREM 2. Let f : [a, b] --~ R be differentiable on [a, b] and f ' (a)  = f'(b). Then there exists a 
point 7 6 ]a, b[ such that 
1(7) - f(a) = (7 - a) f'(7). (1) 
The geometrical interpretation of this theorem is the following. If the function y = f (x)  
is differentiable in a < x < b, and if the tangents to the graph of f at the points (a, f (a))  
and (b, f(b)) are parallel, then there is an intermediate point 7 such that the tangent here passes 
through the point (a, f(a)).  Let [a, b] C R be a closed interval and 
9 ~ = {f  : [a, b] --* R [ f is continuously differentiable, f (a)  = O, f ' (a)  = f'(b)}. 
Then by Theorem 2, for any f in Y', there is an intermediate point 7 6 (a, b) such that f(7) - 
f (a)  = (7 - a) f ' (7).  Such an intermediate point 7 will be called a Flett's point of the function 
f.  In this paper, we prove a Hyers-Ulam type stability theorem for the Flett's points using 
Theorems 1 and 2. 
THEOREM 3. Let f 6 J~ and 7 be a Flett's point of f in (a, b). Assume that there is a neigh- 
borhood N of 7 in (a, b) such that 7 is the unique Flett's point o f f  in N.  Then for each e > O, 
there is a 5 > 0 such that for every h 6 Jr satisfying [h(x) - f(x)[ < 6 for all x in N, there exists 
a point ~ 6 N such that ~ is a Flett's point o fh  and [~ - 7[ < e. 
PROOF. Let e > 0 be given and let N = (7 - r ,  7+r )  for some r > 0. Further, let c = 7 - r -a  > 0. 
Choose 6 = c 6. 
Without loss of generality, we shall assume that if(a) = f '(b) = 0. If this is not the case, we 
can work with f (x )  - x f ' (a).  Consider the auxiliary function Gf : [a, b] --* R corresponding to f 
defined by 
f (x ) -  f (a)  i fx  6 (a,b], 
Gf(x )  = x - a ' (2 )  
f ' (a) ,  if x = a. 
Evidently, Gf(x)  is continuous on [a, b] and differentiable on (a, b]: Further, from (2), we have 
G,l(x) = f(X)(x -- a) 2f(a) +--,x_af'(x) 
which is 
= + (3) 
x- -a  x - -a  
for all x 6 ( a, b). We show that there exists a point 7 6 (a, b) such that G~(7) = 0. 
From (2), we see that Gl(a)  --- O. If Gf(b) - 0, then by Rolle's theorem, there exists an 7 6 
(a,b) such that G~(7) = 0 and the theorem is established. If Gf(b ) ~ O, then either Gl(b ) > 0 
or Gf(b ) < 0. Suppose Gf(b ) > 0. Then from (3), we see that 
(b) = - a f  (b__  A) < 0. 
b-a  
Since Gf is continuous and G'l(b ) < 0, there exists a point xl in (a, b) such that 
Gf(Xl)  > Gf(b). 
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Hence, we have Gy(a)  < Gf(b)  < G$(x l )  and by the intermediate value theorem, there exists 
an Xo • (a ,x ; )  such that  Gf(xo)  = G l (b  ). Now applying Rolle's theorem to the function Gf  on 
the interval [xo, b], we have G~(z]) = 0 for some ~? • ]a, b[. 
A similar argument  applies if Gf(b)  < 0, and hence, we have 
= o,  
for some ~ C (a,b). Since Gf  is differentiable in (a,b], it is also differentiable in N. Further, 
since G~(T/) = 0 and 7] is the unique F lett 's  point in N,  G'f(x)  changes ign at 7. 
Let h E 9 v such that  Ih(x) - f (x ) l  < 5 in N. Let Gh be the corresponding auxi l iary function: 
h(x) - h(a) if x E (a,b], 
x- -a  
ah(x)  = h'(a), if x = a. 
(4) 
Since h(a) = 0, we have Gh(x)  = h(x ) / (x  - a). It is easy to see that  Gh is differentiable in N. 
Now since Ih(x) - f ( z ) l  < 5, we have 
I(x - a)Gh(X) - (x - a)Gy(x)] < 5. 
Since Ix - a i > c for all x c N,  and 5 = c5, we see that  
 lGh(X) - a (x)l < 
Hence, 
I a~(z )  - as(x)L < L 
for all x E N.  By Theorem 1, there exists a point ~ E N such that  G~(~) = 0 and I~ - r]L < ~. 
But G~(~) = 0 implies 
h(~) - h(a) h'(~) 
+ - -  -0 ,  (~ - a )  2 ~ - a 
which is h(~) - h(a) = (~ - a) h'(~). Hence, ~ is a Flett's point of h and the proof of the theorem 
is now complete. | 
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